We study the time evolution of a wave function for the Friedmann-Lemaître-Robertson-Walker universe governed by the Wheeler-DeWitt equation in both analytic and numerical methods. We consider a Brown-Kuchař dust as a matter field in order to introduce a "clock" in quantum cosmology and adopt the Laplace-Beltrami operator-ordering. The Hamiltonian operator admits an infinite number of self-adjoint extensions corresponding to a one-parameter family of boundary conditions at the origin in the minisuperspace. For any value of the extension parameter in the boundary condition, the evolution of a wave function is unitary and the classical initial singularity is avoided and replaced by the big bounce in the quantum system. It is verified that the expectation value of the spatial volume of the universe obeys the classical time evolution in the late time.
Introduction
Now the Inflation-Big-Bang scenario is undoubtedly a big paradigm in cosmology, supported by the rapid development of observation technologies in the modern era [1, 2] . Nevertheless, the singularity theorems in general relativity assert that there appears the initial singularity quite generically and classical physics breaks down at the very early stage of the universe [3] . The resolution of this initial-singularity problem requires the quantum description of the universe, that is, quantum cosmology. (See [4] for a review.)
The oldest approach to quantum gravity is the canonical approach pioneered by DeWitt [5] , based on the Arnowitt-Deser-Misner (ADM) formalism of the Einstein equations [6] . Using the following ADM metric; 1) where N, N i , and h ij are functions of t(≡ x 0 ) and x i (i = 1, 2, 3), we can write down the Einstein equations in the form of a constrained dynamical system. In this ADM formulation, the Einstein-Hilbert action S G is written as
Here p ij is the momentum conjugate of h ij , which is the spatial metric on a hypersurface Σ with constant t. N and N i act as the Lagrange multipliers corresponding to the constraints H = 0 and H i = 0, respectively, where the super-momentum H i and super-Hamiltonian H are functionals of h ij and p ij . The momentum constraints H i = 0 generate spatial diffeomorphisms, while the Hamiltonian constraint H = 0 generates time reparametrizations.
One of the possible quantizations of such a constrained dynamical system is the Dirac quantization [7] in which the constraint equations become operators acting on the wave function(al) of the spacetime Ψ[h ij ]. The resulting quantum versions of the momentum constraintsĤ i Ψ = 0 are satisfied by considering the DeWitt superspace in which h ij take values in the quotient space of h ij under the action of the group of spatial diffeomorphisms. Finally, the remaining basic equation in canonical quantum gravity is the Hamiltonian constraintĤΨ = 0, called the Wheeler-DeWitt equation. Here there is an ambiguity of the operator-ordering when we replace the momentum conjugates p ij by operatorsp ij := −i δ/δh ij . In the present paper, we adopt the natural Laplace-Beltrami operator-ordering in the DeWitt superspace, originally proposed by Christodoulakis and Zanelli [8] .
At a glance, the Wheeler-DeWitt equation has the form of the stationary Schrödinger equation with zero energy. However, since the metric in the superspace called the DeWitt supermetric has a Lorentzian (−, +, +, +, +, +) signature at each point x i ∈ Σ, the Wheeler-DeWitt equation actually has the form of the Klein-Gordon equation in the superspace [9] . (See also [10] for a review of the problem of time in quantum gravity.) This property of the Wheeler-DeWitt equation causes a problem of the conserved inner product. To avoid this problem, Brown and Kuchař introduced "time" (or a "clock") by matter fields which provide a privileged dynamical reference frame [11] . More precisely, they introduced the so-called Brown-Kuchař dust which consists of a set of non-canonical scalar fields equivalent to a single timelike dust fluid and cast the Wheeler-DeWitt equation into the form of the time-dependent Schrödinger equation. (See also [12] .)
In quantum cosmology, one considers only spatially homogeneous cosmological spacetimes to be quantized. In this minisuperspace approach, the metric functions depend only on the time coordinate, so that the resulting theory is not a quantum field theory but just quantum mechanics. For example, in the case of the Friedmann-Lemaître-Robertson-Walker (FLRW) minisuperspace, the effective gravitational action is
where a = a(t) is the scale factor of the universe and p = p(t) is its conjugate. The initial singularity at a(t) = 0 in the classical theory is cured in quantum cosmology if the corresponding quantum mechanics is well-defined.
In [13] , Amemiya and Koike studied the FLRW quantum cosmology with a Brown-Kuchař dust in the presence of a cosmological constant under three conceivable operator-orderings which are different from the Laplace-Beltrami one. The resulting Wheeler-DeWitt equation has the form of the time-dependent Schrödinger equation on the half-line and then the quantum cosmology is well-defined if the Hamiltonian operatorĤ acting on the wave function of the universe Ψ = Ψ[a] is self-adjoint or admit self-adjoint extensions. It was proved that, under all the operator-orderings, the Hamiltonian operator admits an infinite number of self-adjoint extensions corresponding to a one-parameter family of boundary conditions for the wave function at a = 0 1 . Amemiya and Koike finally showed that the classical initial singularity is replaced by a big bounce by solving the Wheeler-DeWitt equation numerically with the Dirichlet or Neumann boundary condition in particular.
In the present paper, we will study the same system as in [13] but under the LaplaceBeltrami operator-ordering and also with a more variety of boundary conditions. In addition to the study of well-definedness of the quantum cosmology and the initial-singularity avoidance, we will also clarify whether the expectation value of the spatial volume of the universe obeys the classical time evolution in the late time.
The outline of the present paper is as follows. In section 2, the ADM formalism with a Brown-Kuchař dust is reviewed. In section 3, we derive the Wheeler-DeWitt equation under the Laplace-Beltrami operator-ordering. Section 4 is devoted to studying the time evolution of a wave function of the universe. Our results are summarized in section 5. Exact solutions of the time-dependent Schrödinger equation for a free particle or a harmonic oscillator on the half -line constructed with the Feynman kernel are presented in appendix A, while a different family of exact solutions obtained in [16] are explained in Appendix B. Our basic notation follows [15] . The convention for the Riemann curvature tensor is [
The Minkowski metric is taken as diag(−, +, +, +), and Greek indices run over all spacetime indices. We adopt the units such that c = 1.
ADM formalism with a Brown-Kuchař dust
We consider general relativity in the presence of a cosmological constant Λ in four dimensions, whose action is given by
where κ := √ 8πG and G is the Newton constant. S m is the action for matter fields and S ∂M is the York-Gibbons-Hawking boundary term. The resulting Einstein equations are
where the energy-momentum tensor T µν is given from S m .
Vacuum sector
The most general four-dimensional metric may be written in the ADM form as 3) where N, N i , and h ij are functions of t(≡ x 0 ) and x i (i = 1, 2, 3) [6] . Let Σ a threedimensional spacelike hypersurface with constant t and then h ij is the induced metric on Σ. In the present paper, we assume that Σ is compact for simplicity.
In terms of the above ADM metric, the gravitational action is written as
Here p ij is the momentum conjugate of h ij and the super-momentum H i and the superHamiltonian H are respectively given by 
Matter sector
In the present paper, we consider the Brown-Kuchař dust as a matter field [11] . It is a set of non-canonical scalar fields ρ, T , Z a , and W a (a = 1, 2, 3) which are equivalent to a single timelike dust fluid, as explained below.
The action for the Brown-Kuchař dust is
where ρ represents the rest mass density and the one-form U µ is defined by
The Euler-Lagrange equations for T , Z a , and W a are
respectively, while the Euler-Lagrange equation for ρ is g µν U µ U ν = −1. The variation δg µν gives the following energy-momentum tensor;
where we have used g µν U µ U ν = −1. From the Bianchi identity ∇ ν (G µν + Λg µν ) = 0, the energy-momentum conservation equations
In terms of the ADM metric, the dynamical part of the matter action is written as 
12)
The variables W a and ρ are related to other ones as
and do not appear in the ADM form of the action (2.11).
FLRW minisuperspace
In the subsequent sections, we will study the FLRW quantum cosmology. The line element of the FLRW spacetime is given by
where
and k = 1, 0, −1 represents the spatial curvature of the universe. The spatial volume of the universe is given by
We compute
where a dot denotes the derivative with respect to t. Hence, the effective vacuum action to give the Einstein equations for the FLRW spacetime is
The momentum conjugate of the scale factor a and the super-Hamiltonian H G are respectively given by
Using them, we write the gravitational action in the ADM form:
For the matter sector, we consistently assume Z a ≡ 0, W a ≡ 0, ρ = ρ(t), and T = T (t). Then we have H D i = 0 and H D = P , where we have taken the plus sign. Finally, the total action in the ADM form is given by
The Euler-Lagrange equation for T (t) isT = 0, which is solved to give T ∝ t − t 0 , where t 0 is a constant. For this reason, we may use the scalar field T as a clock in the present system. In the comoving coordinates U µ dx µ = −dt corresponding to T = t−t 0 , the classical solution in this system for k = 0 with Λ = 0 is a(t) ∝ t 2/3 . In the presence of positive Λ, the late-time behavior of the scale factor is lim t→∞ a(t) ∝ e √ Λ/3t . We will see that T appears as time in the corresponding quantum system.
Quantum cosmology 3.1 Laplace-Beltrami operator-ordering
We quantize the system (2.24) by replacing the momentum conjugates by operators as p →p = −i δ/δa and P →P = −i (δ/δT ) and then the Hamiltonian constraint (2.25) gives the following Wheeler-DeWitt equation:
where Ψ = Ψ[a, T ] is the wave function(al) of the universe. This is the form of the Schrödinger equation where the scalar field T acts as a time variable. SinceĤ G is an operator obtained from Eq. (2.22), there is an ambiguity of the operator-ordering. In the present paper, we adopt the Laplace-Beltrami operator-ordering [8] , which is natural in the following sense.
By way of explanation, let us consider spatially homogeneous and anisotropic cosmological models to be quantized. According to the Bianchi classification, such spacetimes have three dynamical degrees of freedom at most, which we denote by X I (t) (I = 1, 2, 3). In this Bianchi minisuperspace, classical systems are equivalent to the dynamics of a point particle in a curved space. Then in general, the super-Hamiltonian (2.22) can be written in the following form:
where m is the effective mass, p I is the momentum conjugate of X I , and V is the effective potential. From this expression, we can read off G IJ , the contravariant components of the supermetric G IJ in the DeWitt superspace. By analogy with the canonical quantization of a point particle, the Laplace-Beltrami operator-ordering then requiresĤ G to bê
Here ∆ G is the Laplacian in the superspace:
where G := det(G IJ ). A natural inner product under this operator-ordering is
Wheeler-DeWitt equation
The Laplace-Beltrami operator-ordering leadŝ
and finally the Wheeler-DeWitt equation (3.1) becomes
where x := a 3/2 . The domain of a (and also x) is [0, ∞). In terms of x, the inner product is simply
The equivalent Schrödinger equation to the Wheeler-DeWitt equation (3.7) is
where the effective potential V (x) and mass m are
Now our problem has reduced to quantum mechanics on the half-line. In the subsequent sections, we will study the one-dimensional Schrödinger equation (3.9) with the inner product (3.8).
4 Unitary evolution of the quantum universe
Boundary condition for the wave function
A quantum system is well-defined if the Hamiltonian operator
is self-adjoint. Then, by the Stone's theorem on one-parameter unitary groups, the time evolution of a wave function is uniquely determined by
ActuallyĤ G is not self-adjoint in the square-integrable Hilbert space on the half-line
. However, we may consider self-adjoint extensions ofĤ G by imposing a certain boundary condition on Ψ at the origin in the minisuperspace. Then the time evolution is given by Eq. (4.2) in this domain of the Hamiltonian operator D(Ĥ G ). (See [17] for a textbook and reviews.)
Using the Schrödinger equation (3.9) and integration by parts together with the fall-off condition at infinity, we obtain
In order for the surface term to be vanishing, we impose boundary conditions on Φ and Ψ such as
where L is a real constant. Then we haveĤ G † =Ĥ G , where a dagger means its adjoint, and
Since the boundary condition (4.5) contains one parameter L, the Hamiltonian operator H G admits an infinite number of self-adjoint extensions and each value of L gives a different quantum system. This boundary condition ensures unitarity ∂ Ψ|Ψ /∂T = 0, shown as
L = 0 and L = ∞ correspond to the Dirichlet and Neumann boundary conditions at x = 0, respectively, and other values of L correspond to the Robin boundary condition.
In the case of the full-line x ∈ (−∞, ∞), the following Ehrenfest's theorem holds;
and therefore x follows classical orbits. The above equation is modified in the half-line case x ∈ [0, ∞). Using the Schrödinger equation (3.9) and integration by parts, we obtain
for constant q. The surface term at x = 0 in the first term vanishes for positive q by the boundary condition (4.5). Then, under the assumption that the surface terms at infinity vanish, Eq. (4.8) reduces to
for positive q. For q = 1, this becomes
and therefore in general, the expectation value of x does not follow classical orbits.
We will solve the the Schrödinger equation (3.9) equivalent to the Wheeler-DeWitt equation (3.7) and see dynamical properties of a wave function depending on the parameter L. In particular, we will check whether the expectation value of the spatial volume of the universe, which is proportional to a 3 (= x 2 ), obeys the classical time evolution a 3 ∝ T 2 (for Λ = 0) or a 3 ∝ exp( √ 3ΛT ) (for Λ > 0) in the late time. This quantity satisfies the following equation:
For simplicity, we will focus on the spatially flat universe (k = 0).
Analytic result
As seen in Eq. (3.9), the Wheeler-DeWitt equation (3.7) with Λ > 0 and k = 0 is equivalent to the Schrödinger equation for a harmonic oscillator with negative mass. By the transformation x = 3κ 2 /(8V 0 )x, Eq. (3.9) with k = 0 becomes 1 2
wherek 2 := 3Λ/4. In the case of the Dirichlet or Neumann boundary condition at the origin, exact time-dependent solutions of Eq. (4.12) are available. Although such exact solutions can be also constructed in terms of the Feynman kernel as shown in Appendix A, they are not so illuminating for our purpose.
Instead, we will use the six-parameter family of exact solutions obtained in [16] 
where H n (x) (n = 0, 1, 2, · · · ) is the Hermite polynomials and
14)
One of the seven parameters µ 0 ,ᾱ 0 ,β 0 , γ 0 ,δ 0 , κ 0 , ε 0 may be used for normalization, so that the number of independent parameters is six. In the free-particle limit (k → 0), we have
where the parameterᾱ 0 has disappeared.
This family of solutions with ε 0 =δ 0 = 0 (hence ε(T ) = 0) are also solutions in L 2 [0, ∞] with the Dirichlet or Neumann boundary condition at the origin. The Dirichlet boundary condition is satisfied for odd n, while the Neumann boundary condition is satisfied for even n. The solutions are certainly nonsingular for T ∈ (−∞, ∞) and hence the classical initial singularity is avoided in the corresponding quantum system. Let us discuss the late-time evolution of the expectation value of the spatial volume of the universe, which is proportional to a 3 (= x 2 ). For ε(T ) = 0 (ε 0 =δ 0 = 0) and an integer q, we obtain
where the sign in ±∞ corresponds to the sign ofβ 0 . Using this, we compute
where we used
Equation (4.26) shows that the time-dependence of a 3 is given by
(4.28)
In both cases, a 3 is positive definite and it admits only one local minimum at T = T B , where
for Λ > 0, (4.29) corresponding to the transition time from the contracting phase (d a 3 /dT < 0) to the expanding phase (d a 3 /dT > 0). Thus, the classical initial singularity is avoided and replaced by the big bounce at T = T B in the quantum system. Since we havek = 3Λ/4 in our system, this proves the convergence to the classical evolution both in the cases.
Unfortunately, solutions with the Robin boundary condition cannot be constructed from this family and will be studied numerically in the next subsection.
Numerical result
In the previous subsection, we used exact solutions satisfying the Dirichlet or Neumann boundary condition at the origin, however, dynamical properties of solutions with the Robin boundary condition are still not clear. In this subsection, we study this problem by solving the Schrödinger equation (3.9) with k = 0 numerically.
First let us construct initial wave functions. In the case of L 2 [−∞, ∞], the typical initial profile is the following Gaussian wave packet:
where p 0 , x 0 , and σ are constants and the normalization constant C is 1/(2πσ 2 ) 1/4 . This wave function represents a moving wave packet with its peak at x = x 0 and its momentum p, as shown by x (0) = x 0 and p (0) = p 0 .
In the half-line case L 2 [0, ∞], the physical meanings of the constants x 0 and p 0 are less clear and the profile (4.31) does not satisfy neither the Dirichlet nor Neumann boundary condition at x = 0. From this observation, we modify the initial profile as
for L = 0 and
for L = 0, which satisfy the boundary condition (4.5).
In numerical calculations, we treat L as a parameter controlling the boundary condition with fixed values of σ, x 0 , and p 0 . We consider the spatially flat universe (k = 0) and adopt the Planck unit G = = c = 1. In addition, we set V 0 = 1 which means that the spatial volume of the universe is the Planck volume when a (and hence x) is unity. In the case of a positive cosmological constant, we set Λ = 0.01.
We solved the Schrödinger equation (3.9) numerically with x 0 = 5, p 0 = 10, and σ = 0.5. As a typical example, we present in Fig. 1 the time evolution of |Ψ| 2 (x, T ) with the Dirichlet boundary condition (L = 0) for Λ = 0.01. The wave packet contracts initially and moves back after some moment. The big-bounce behavior of a 3 (= x 2 ) is shown in Fig. 2 . The evolution is totally non-singular and these qualitative properties are universal for any value of the parameter L that we considered and also in the case of Λ = 0. Table 2 : Values of the fitting parameters χ 0 and χ 1 defined by lim T →∞ χ(T ) ≃ χ 0 + χ 1 /T from the data in Table 1 . The fitting shows lim T →∞ χ = 2 within 0.1% error for any value of L. The late-time behavior of x 2 with Λ = 0 is summarized in Table 1 for several values of the parameters L. As shown in Fig. 3 and Table 2 , our numerical results verify the convergence to the classical evolution lim T →∞ a 3 ∝ T 2 for any value of the parameter L.
On the other hand, in the presence of positive Λ, although we numerically solved the Wheeler-DeWitt equation in the domain x ∈ [0, 4000] until T = 28, convergence lim T →∞ a 3 ∝ exp( √ 3ΛT ) has not been confirmed. (See Fig. 4 .) Since a wave packet moves fast with positive Λ, we need to take much larger domains of x and T for numerical computations in order to provide a definite answer. 
Summary
In the present paper, we have studied the time evolution of a wave function for the spatially flat FLRW universe governed by the Wheeler-DeWitt equation, with or without a positive cosmological constant Λ. We have adopted the Laplace-Beltrami operator-ordering and considered a Brown-Kuchař dust as a matter field. Then the system has reduced to quantum mechanics on the half-line and the Wheeler-DeWitt equation has the form of the timedependent Schrödinger equation for a harmonic oscillator with negative mass, where a scalar field T acts as a time variable.
Self-adjoint extension of the Hamiltonian operator admits a one-parameter family of boundary conditions at the origin in the minisuperspace. For any value of the extension parameter L, the time evolution of a wave function is unitary and the corresponding quantum system is totally well-defined. We have shown that the classical initial singularity is avoided and replaced by the big bounce in the quantum system. These properties have been shown also under the different operator-orderings in [13] .
We have also studied the problem whether the expectation value of the spatial volume of the universe obeys the classical evolution in the late time. This is a nontrivial problem because the Ehrenfest's theorem is not valid in quantum mechanics on the half line. We have used a six-parameter family of exact solutions with the Dirichlet or Neumann boundary condition at the origin and analytically showed the convergence to the classical evolution both in the cases with and without Λ. With the Robin boundary condition, we have studied this problem numerically. Although the convergence has been verified only without Λ in this case, our results suggest that the boundary condition for the wave function does not affect its late-time behavior very much.
In order to answer how generic these properties are, a promising direction of future research is to generalize our study in a more general minisuperspace such as the Bianchi minisuperspace. In such cases, the corresponding quantum systems are higher-dimensional and the problems of the self-adjoint extension and initial-singularity avoidance are highly nontrivial. Another possible direction is quantization of the inhomogeneous universe. Classically, the general spherically symmetric solution with a dust fluid is the Lemaître-Tolman-Bondi solution. The corresponding quantum system is infinite dimensional, namely a quantum field theory, and therefore a totally different treatment of the system is needed [18] . Those results could shed light on generic properties of canonical quantum cosmology and will be reported elsewhere.
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A Exact solutions constructed with the Feynman kernel
In this appendix, we present exact time-dependent wave functions on the half-line constructed with the Feynman kernel. In the case of the full line, the time-dependent solution of the Schrödinger equation
with an initial profile Φ(x, 0) is given by
For a free particle or harmonic oscillator, the Feynman kernel K(x, t; x ′ , 0) is known [19] . In the case of the harmonic oscillator V (x) = (1/2)mw 2 x 2 , it is given by
Taking the limit ω → 0, we obtain the Feynman kernel for a free particle:
which is also written as
Using them, we can construct time-dependent solutions on the half-line with the Dirichlet or Neumann boundary condition at x = 0. The solution is then given by .6) and the expressions of K(x, t; x ′ , 0) will be shown below. For derivation, we will use the following formula [20] :
where F (z) is the Dawson function defined by
We will also use the following:
where we used dF/dz = −2zF + 1.
A.2 Free particle
The expressions for a free particle (V (x) = 0) are obtained in the limit ω → 0 from the ones in the previous subsection. The Feynman kernel is given by
The time-dependent solution from our initial profile with the Dirichlet boundary condition is given as
where complex functions η, ζ, andζ are now
while the time-dependent solution with the Neumann boundary condition is
(A. 19) B Six-parameter family of exact solutions there is a six-parameter family of exact solutions [16] 2 :
Ψ(x, t) = Ψ n (x, t) := e i(α(t)x 2 +δ(t)x+κ(t))+i(2n+1)γ(t) 2 n n!µ(t) √ π e −(β(t)x+ε(t)) 2 /2 H n (β(t)x + ε(t)), (B The solution for a free particle is obtained in the limit k → 0 as µ(t) =µ 0 β4 0 t 2 + 1, α(t) = tβ The solution of the Schrödinger equation (4.12) for a harmonic oscillator with negative mass is obtained from the above by the transformation t → −T .
